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+ and also —,whenz = 4%. Butsince e* represents the value of theseries 1 + x + 22/(1 - 2) 
+ --+-, I rest on solid ground when I say that e* stands for only one value, which is positive 
even when z is fractional. 


The logarithms of negative and imaginary numbers had been under dis- 
cussion, off and on, by a few mathematicians for over 35 years, but the above 
letter of Euler to D’Alembert is the first investigation which really penetrates 
the subject and yields substantial results. The theorem was announced therein 
that Log n has an infinite number of logarithms which are all imaginary, except 
when n is a positive number, in which case one logarithm out of this infinite 
number is real. It is also interesting to observe that Euler gives in this letter a 
new definition of the exponential e*. He lets e* represent the value of the ex- 
ponentia! series, 1 + x + 2?/(1 - 2) + ---, and thereby he takes a point of view 
which has since found adoption in the theory of functions. D’Alembert’s reply 
to Euler’s letter is not known. Since Euler’s main results were stated in the 
above letter without proof, it is not surprising if D’Alembert was not convinced. 
Some idea of D’Alembert’s position may be gathered from Euler’s next letter. 


Aug. 19, 1747. Euler to D’Alembert: In your article on integrals, recently published in the 
second volume of our memoirs, I have crossed out the paragraph on log (— 1), as you directed. 
Your statement, that 1(— x) can be expanded into a series whose value is real, is incompre- 
hensible to me. When you say that e must be considered, not a parameter of the logarithmic 
curve, but the ordinate when x = 1, that, therefore, e may be + as well as —, then I have 
as much right to claim that the logarithmic curve has not only two branches, but any number. 
If « = (+ y) and x = 1(— y) yield two branches, then x = /(my), the differential equation 
of which is the same for all values of m, yields a branch for every possible value of m. In e* 
you take x = k/g, where k : g = odd number : even number. With equal right we can take 
k :g = even number : odd number, or = odd number : odd number, and thereby reach 
conclusions at variance with yours. Your arguments fail to establish the formula /(+ zx) = 
l(— x). As regards (lv —1)/V —1,I1 maintain that it can have no other values than 
14(4n + 1)z, where n is any integer, + the circumference of a circle of unit diameter; hence 
this formula can never yield 0. I have sent to the Academy a memoir, which appears to me 
to remove all difficulties on this subject which formerly perplexed me greatly. we 

P.S. You admit that (+1) = + and 1) = = (2n — 1)rV —1, but 
you claim that 0 is among the logarithms of — 1. Since twice the logarithm of — 1 is1(+ 1), 
we would have [(+ 1) = + 2nxY—1 and also = + (2n —1)rY¥—1. You admit that 
lY —1 = + K(4n + —1, and —1) = = 1)rV —1, but assert 
that these formule do not yield all the logarithms, that they omit the logarithm 0. If so, 
then 1), or (+ 1) V—1), may equal + 4%(4n + 1)r¥—1. You claim 
that 0 may b 
represented by a ¥ — 1, whatever number a may be. Consequently, 1(+ 1) would be 
wholly indeterminate. This conclusion overthrows your contentions. My results are in 
perfect harmony with each other and yield no such indeterminateness. 

Dec. 80, 1747. Euler to D’Alembert: I learn through Mr. de Maupertius that you are suspending 
mathematical research, in order to recuperate from ill-health. I shall therefore not trouble 
you with matters about imaginary logarithms. I have hardly anything to add to what I 
said before. I doubt whether my paper on this subject will remove all the doubts which 
you have brought. 

Feb. 15, 1748. Euler to D’Alembert: The equation y = 2* gives a continuous curve above the 
axis of z, but if z = 14, then y = + V2 and — V2, and I grant that there is a conjugate 
point below the axis of x. Taking x = n/2, there is an infinity of such points below the 
x-axis, which are isolated from each other.1 The equation y = (— 2)? gives an infinity of 


166 


' . « + Je pretend que chacun de ces points est isolé sans liaisons avec les voisins, quoique 
leurs distances soient meme infiniment petites.’’ 
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isolated points and no continuous curve whatever. y = e? represents a continuous curve 

above the z-axis and isolated points below. 

It is seen that Euler recedes here from his definition of e” as the sum of the 
series 1+ 2+ 27/(1 - 2) + ---, adopted in his letter of April 15, 1747. He 
assigns no reason for his change of view-point, nor does he explain how this 
admission affects the question under controversy. 

Sept. 28, 1748. Euler to D’Alembert: The subject of imaginary logarithms is no longer so clearly 
in my mind that I could reply rigorously to your recent remarks. I must wait till I can 
examine this matter again. 

The article which Euler reports in his letter of August 19, 1747, as having 
been sent by him to the Berlin Academy, is without doubt the article ! which was 
first published in 1862 and entitled Sur les logarithmes des nombres négatifs et 
imaginaires.? Euler begins by referring to the “grande controverse” between 
Leibniz and John Bernoulli I which ended in disagreement between these great 
men who were in perfect harmony on all other parts of analysis. The glory of 
infallibility of this science receives a severe blow, if it presents questions in which 
it is impossible to ascertain the truth and end all dispute. It is my hope by the 
present research to settle the controversy on the logarithms of negative numbers. 
Reviewing the arguments of Leibniz and John Bernoulli I, Euler remarks that 
Leibniz’s demur to B.’s argument—that /(+ x) = l(— 2) since dlz = dl(— x) = 
dx/x, on the ground that the rule for finding lz holds only when z is positive — 
shakes the very foundation of analysis, whose rules of operation are taken to be 
general and applicable to quantities of all kinds. B.’s error lies in claiming 
le = 1(— x) on the ground that diz = dl(— x); the same argument yields the 
absurdity Inz = Iz. B.’s claim, that the logarithmic curve is double, involves 
the argument just mentioned; if Jz = l(— x) then similarly Inx = Iz, and the 
curve has an infinite number of branches. A differential equation always yields 
on integration a family of curves. B. and others claim that the asymptote to 
the logarithmic curve is a diameter of it, saying that dx = dy/y" yields a curve 
which in general has a diameter when 7 is odd and has one therefore when n = 1. 
Euler explains this point and closes with the novel statement that the question 
of the doubleness of the logarithmic curve is not necessarily connected with the 
question whether /(— 2) is real or imaginary. Euler then defines a logarithm; 
if x = ly, then y = e”, e being a constant. “Done le logarithme x d’un nombre 
proposé = y n’est autre chose que |’exposant de la puissance de e qui est égale 
au nombre y” (p. 273). In hyperbolic logarithms, if w is infinitesimally small, 
then (1+ w) = w and e = 2,718---. If y is negative, no real value of x 
satisfies y = e*. To be sure, when «= 3, y= + Ve; but when 2 = 2, it is 
not true that y = + ee and that x = 1+ ee. Hence, the statement that the 
logarithms of negative numbers are real, is certainly not a general truth. “Mais 
pour ce qui regarde l’ambiguité de la formule e’, dans le cas off 2 est une fraction 
d’un dénominateur pair, je ne sais pas si on la peut admettre dans les logarithmes. 


1 See G. Enestrém, “ Verzeichniss d. Schriften L. Eulers,”’ Leipzig, 1910, Jahresber. d. deutschen 
Math. Vereinig., Ergdnzsb., IV Bd., 1 Lief., pp. 42, 202, Nos. 168, 807. 
2 L. Euleri Opera posthuma, Tomus prior, Petropoli, 1862, pp. 269-281. 


| 

a 


HISTORY OF LOGARITHMS 79 


Car, ayant égard a la nature et 4 l’usage des logarithmes, il semble qu’a chaque 
logarithme ne puisse répondre qu’un seul nombre’”’ (p. 274). If some one says 
that e° = e°? = ve? = vl = + 1, then by the same argument z! = 27” = = z, 
“et de plus que a + 2 serait la méme chose que a — xz,” whence the absurdity 
“toutes les quantités sont égales entre elles.” But if /(— 1) is not 0, it must be 
imaginary, and /(— y) = (— 1) + ly must be imaginary. That x can be the 
logarithm of only one number y is confirmed by the series e? = 1 + 2 + 2°/(1+2) 
+--+, If one insists that, for 2 = 3, e* = + Vé¢ it follows that the logarithms 
of imaginary numbers are real; for, when x = 4, 3 is the logarithm of the real 
cube root of e, as well as of the two imaginary ones. But B. has made the beauti- 
ful discovery that r = 2(/ Vv — 1)/V¥— 1; it follows that /¥ — 1 must be imagi- 
nary and that /¥— 1 = 0 cannot be true. But if we let /(— 1) = p, p imaginary, 
we encounter /(— 1)? = /(+ 1) = 2p = 0, which is contrary to hypothesis and 
leads up to 1¥— 1 = 0, as before. “Voila donc des contradictions assez 
palpables qu’on recontre, de quelque cété qu’on se tourne; . . . ce serait sans 
doute une tache indélébile dans l’analyse, si la doctrine des logarithmes était 
tellement remplie de contradictions, qu’il fit impossible de trouver une con- 
ciliation” (p. 275). Euler tries the experiment of letting the logarithms of the 
three cube roots of y be different from each other, namely equal to 2/3, x’/3 and 
x'’/3. Of these three logarithms the first is real, the other two imaginary; 
but the triple of each must be x. “Cette explication me paraissait bien extréme- 
ment paradoxe et insoutenable, mais pourtant moins absurde que les contra- 
dictions que j’aurais été obligé d’admettre dans la théorie des logarithmes des 
nombres négatifs et imaginaires” (p. 276). But the fertile mind of Euler had 
not exhausted all the’ possibilities; he comes out with the pregnant remark: 
“Aprés avoir bien pesé toutes les difficultés que je viens d’étaler, j’ai trouvé 
qu’elles ne viennent que de ce que nous supposons que chaque nombre n’a qu’un 
seul logarithme” (p. 276). Admitting that a number may have many, in fact 
an infinite number, of logarithms, all difficulties vanish. To show that this 
number is really infinite, Euler takes the circle as better suited for the study of 
logarithms than the logarithmic curve; he develops by the aid of the integral 
calculus the equation —1¢ = + V—1 sin ¢), where he writes for ¢ 
the more general value ¢ + 2n7m, n being any integer. From this formula he 
derives the logarithms of 1, — 1, — a, ~¥—41, and remarks that Leibniz was 
correct in claiming that the logarithms of negative numbers are imaginary. He 
tests his results on products, quotients and powers of positive, negative and 
imaginary numbers, and remarks, ‘‘l’on trouvera constamment un merveilleux 
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accord avec la vérité”’ (p. 280). Using De Moivre’s theorem he obtains finally 


1 
(+ 2um += 2yn)rV — 1 


and 


1 
1)*" = + 2um = 2vyn)r — 1, 


where m and n are any integers. 
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In following the history of logarithms after 1747, the reader must not forget 
that the preceding article of Euler was not published until 1862. Had it been 
published at the time when it was written, it doubtless would have contributed 
to a speedier settlement of the great controversy. As we shall see, Euler rewrote 
this article and prepared a longer and more exhaustive, though in some respects 
less convincing article, which he had printed in the Berlin memoirs for the year 
1749. The article of 1747 has not received the attention it deserves. Cantor 
does not appear to have been aware of its existence.! Lampe? is of the opinion 
that the 1747 article is the one published in 1749. Felix Miiller® states that the 
publication of 1862 is a continuation of the article of 1749, a statement seen at a 
glance to be untrue by any one who has read both articles. The interesting 
question arises, why was the first article not published soon after it was sent to 
the Berlin Academy, instead of being cast aside for posthumous publication? 
We can only guess at the reasons. Euler’s aim was, as he says, to bring order and 
harmony into a subject which had been full of contradictions. Our guess is that 
Euler became dissatisfied with his article. Possibly the use of the integral 
calculus in the establishment of ig = log (cos g + 7 sin ¢) appeared inappropriate 
for what seemed to be an elementary topic. In the article itself he expressed a 
doubt as to how the doubleness of the logarithmic curve affected logarithmic 
theory. The article does not explain fully how 2l/ (— a) is equal to la’, and 
21 (+ a) is equal to la”, and yet 21 (— a) is not equal to 2/(+ a). Inthe paper of 
1749 this matter is explained fully. If we examine Euler’s letters to D’Alembert, 
we find that on Aug. 19, 1747, Euler wrote that he eliminated from an article of 
D’Alembert sent for publication in the Berlin memoirs a paragraph on the 
logarithms of negative numbers. This was done at D’Alembert’s request. 
Yet what would be more natural than for Euler to withhold from print his own 
paper, if he thought it incomplete? On December 30, 1747, Euler expresses to 
D’Alembert his fear that his own paper would not remove all of D’Alemberts’ 
doubts. On September 28, 1748, Euler makes the astonishing statement that 
he is not able to reply rigorously to some of D’Alembert’s recent remarks and 
that he must wait until he can re-examine the subject. 

Unfortunately Euler’s second paper does not contain all the good things 
found in the first paper. In the first, Euler takes the reader fully into his con- 
fidence and gives a heart to heart talk. He lets the reader see how he struggles 
with the subject, how he carries on his experimentation. When he showed that 
log (— 1) cannot be a real value, nor even an imaginary value, it looked as 
if all possibilities were exhausted. But he persists and tries the experiment of 
assuming that two of the cube roots of a positive number have each an imaginary 
logarithm, while the third root has a real logarithm. This leads to results which 
he considers a little less absurd than some previous results, but nevertheless 
absurd. Finally it dawned in Euler’s mind that possibly the error lay in the 


1 Cantor, op. cit., Vol. III, 2. aufl., 1901, p. 722. 
2 Festschr. z. Feier d. 200. Geburtst. L. Eulers, 1907, pp. 120, 131. 
8’ Same Festschrift, p. 97. 


HISTORY OF LOGARITHMS 81 


assumption that a number had only one logarithm. He tried the assumption 
that there was an infinite number of them, and this worked! How easy all this 
is to a modern reader, but how hard it was to Euler. His labors in connection 
with this great research remind us of Kepler’s struggle with the orbit of Mars. 
There is a difference, to be sure. Kepler had to construct a theory which would 
conform with the facts of nature as revealed by Tycho Brahe’s telescope; Euler 
had to construct a theory which would conform with the demands for consistency 
in logic. Aside from this the procedure was the same. Kepler made several 
successive guesses as to what the orbit of Mars might be, only to find that he 
guessed wrong. Finally it occurred to him to try an ellipse; at last he found 
that he had guessed correctly. The reader of Euler’s works will find that in 
other mathematical topics as well, particularly in the theory of numbers, Euler 
often followed methods closely akin to those of the student of natural science. 
And yet, Sir William Hamilton and Thomas Huxley would have us believe that 
mathematics is a science which knows nothing of observation and experiment! 

Euler’s paper of 1749 bears the title, De la controverse entre Mrs. Leibnitz et 
Bernoulli sur les logarithmes des nombres negatifs et imaginaires.' It starts out 
with a critical historical account of the controversy. The strictly constructive 
part of the article consists of a theorem and four problems. The theorem is that 
there is an infinity of logarithms for every number. The proof of this theorem was 
based in the 1747 article upon the relation ig = log (cos ¢ +7 sin ¢g). Here in 
the 1749 article it is based upon the assumption that /(1 + w) = , w being in- 
finitely small. Presumably this relation was based on the series log (1 + x) = 
x — 27/2 + 23/3 — ---. Euler’s proof of 1749 plays so large a part in logarithmic 
theory during the half century following, that it should be reproduced here in 
full. As will be seen later, Euler’s reasoning failed to carry conviction. The 
proof is as follows: 


Je me bornerai ici aux logarithmes hyperboliques, puisqu’on sait que les logarithmes de toutes 
les autres espéces sont 4 ceux-cy dans un rapport constant, ainsi quand le logarithme hyperbolique 
du nombre z est nommé = y, le logarithme tabulaire de ce méme nombre sera = 0, 4342944819-y. 
Or le fondement des logarithmes hyperboliques est, que si w signifie un nombre infiniment petit, 
le logarithme du nombre 1 + w sera = w, ou quel(1 + w) = w. Delails’ensuit quel(1 + w)? = 
2; l(1 + w)* = 30, & en général 1(1 + w)* = nw. Mais puisque w est un nombre infiniment 
petit, il est évident, que le nombre (1 + w)* ne sauroit devenir égal 4 quelque nombre proposé z, 
& moins que l’exposant n ne soit un nombre infini. Soit donc n un nombre infiniment grand, 
& qu’on pose z = (1 + w)", & le logarithme de z, qui a été nommé = y, sera y = nw. Done 
pour exprimer y par 2, la premiére formule donnant 1 + w = 2!*& w = 2!" — 1, cette valeur 
étant substituée pour w dans |’autre formule produira y = nz!" — n = Iz. D’oi il est clair que 
la valeur de la formule nz!" — n approchera d’autant plus du logarithme de z, plus le nombre 
n sera pris grand; & si l’on met pour n un nombre infini, cette formule donnera la vraye valeur du 
logarithme de z. Or comme il est certain, que x} a deux valeurs différentes, xi trois, zt quatre, 
& ainsi de suite, il sera également certain, que z' doit avoir une infinité de valeurs différentes, 
puisque v est un nombre infini. Par conséquent cette infinité de valeurs différentes de z! produira 
aussi une infinité de valeurs différentes pour lz, de sorte que le nombre z doit avoir une infinité 
de logarithmes. C. Q. F. D. 


Letting in y = nz’*"—n=Ilz, x=1, he gets (1+y/n)"—1=0. The 
factors of any binomial p" — g" = 0 can be gotten from 
p = q(cos 2dr/n + V— 1 sin 2dr/n), where = + 1, + 2, 


1 Histoire d. l’acad. d. sc. et belles let., année 1749, Berlin, 1751, pp. 139-179. 
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Hence 
1+y /n = cos V—1 sin 2da/n, and y = + whenn= 


Euler proceeds to find the formule for log (+ a), log (a + b¥— 1)"", where 
wu and vy are real integers. Nowhere in this article does he proceed to complex 
exponents, 

Euler treats with remarkable care and clearness the relations between la, 
l(— a), 2la, 21(— a), and la. He lets p be all even numbers, q al] odd numbers. 
Then 

U(+a)=A+prv¥—1, A+ 
hence 


a)? = a) = 24 + 2prV—1, UW —a)? = 2(+a) = 2A + 2qnV— 1. 


But we have the general formula la? = 24 + pr V—1; hence 2l(+ a) = la? 
and 21(— a) = la’, prenant le signe de = pour marquer, que les valeurs de 2I( — a) 
ou de 21( + a) se rencontrent parmi les valeurs de la. He adds, on ne saurott dire 
a la verité qu’il soit 21(— a) = 2l(+ a). A superficial comment upon this would 
be that here things equal to the same thing are not equal to each other. The 
reason why 2/( — a) and 2/(+ a) are not equal is, of course, that 2q is never the 
same number as 2p, even though both belong to the more general class p. Euler 
points out another difficulty. If we take /(— a)? = la?, in the sense 2A + 
QomV —1=2A=+ pry — 1, then we do have 2/( — a) = 2la, even though, 
as seen above, Ja is not l(— a). A superficial comment on this would be that 
here the axiom—equals divided by equals give equals—breaks down. Euler is 
dealing here with equations which in the nineteenth century came to be called 
incomplete equations, in which each value on one side of an equation is equal 
to some value on the other side, but not vice versa. Euler proceeds to 
show under what conditions 2/a = 21/(— a) becomes a complete equation. Let 
p and p’ be even numbers, whether equal or not; let g and q’ be odd numbers, 
whether equal or not. Then take 2/(+ a) = 2A + (p+ p')rv —1, 2l(-—a)= 
2A = (q+ q)rv¥—1; moreover, select the numbers so that p + p’= q+. 
Then a complete equation 2/( — a) = 2/(+ a) is obtained. Par conséquent dans 
ce sens on pourra soutenir qu’il est 21(— a) = 21(+ a), sans qu’il soit I( — a) = 
l(+ a). The concept of complete and incomplete equations here created by 
Euler has not before been attributed to him. Euler did not introduce for the 
complete equation a special name, nor a special notation. As regards his com- 
plete equation 2/( — a) = 2la, it is readily seen that it involves the condition 
p+ p’ = q+ which is not practical in an algebra of general logarithms. 
Euler enters into similar discussions for 1(— a)?, la*, la*. 

Euler’s fourth problem is, given a logarithm, to find the anti-logarithm 2, 
whether z be real or complex. If the given logarithm is g¥V—1, and g is a 
multiple of 7, then z is 1 or — 1. If g is not such a multiple, pour le trowver on 
n’a qua prendre un are de cercle = g, le rayon étant = 1 & ayant cherché son sinus 
& cosinus, le nombre cherché sera x = cos g+ V—1 sing. If the logarithm is 
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f+g V—1, then x is the product of two numbers, one having the logarithm f, 
the other the logarithm g ¥ — 1. 

We come now to Euler’s third paper, Recherches sur les racines imaginaires 
des équations.1_ We have never seen this paper mentioned in historical articles 
on logarithms. It aims to give two proofs of the theorem that every equation 
has a root. It was discussed by C. F. Gauss in his memorable inaugural dis- 
sertation of 1799.2 In the second proof Euler shows that expressions involving 
even complicated arithmetic operations and root extractions can always be 
brought to the form m+ 27V— 1. This part contains new developments on 
logarithms, but Gauss, in his criticisms of Euler, has no occasion to take up 
logarithmic theory. Cantor, in his great history,’ avowedly follows Gauss, 
hence makes no reference to logarithms. Lampe appears completely to have 
overlooked this paper of Euler. Nor have we seen any reference to it in the 
succeeding half century of discussion of logarithmic theory. 

Euler generalizes his previous results by considering the general power, in 
which the base and exponent are both complex. He lets 


(a+ = yV-1, 


where x and y are unknowns to be found. He takes the logarithm of both sides, 
then differentiates the members of the resulting equation, considering a, b, x 
and y as variables. Letting Vaa + bb = c, A tan b/a = ¢, sin ¢ = b/e, cos 
= a/c, he gets, upon equating the reals and the imaginaries, 


x = cos (md + nie), 
y = ce® sin (md + nie). 


Writing in place of ¢ the more general value ¢ + 2Az, he has toutes les valeurs 
posstbles which his general power may take, en donnant a X successivement toutes 
les valeurs 0, + 1, + 2, etc., ow il suffit de prendre pour c™ la seule valeur réelle et 
positive, qui y est renfermée. We see here that Euler has no hesitation in taking 
the logarithm of the general power involving complex numbers and that he finds 
this general power to be infinitely many-valued —a remarkable result at that time. 

Proceeding to the consideration of special cases under the general formula 
just derived, he obtains the result (¥— 1)’ = e-**-*? = 0,2078795763507 
for \ = 0, qua est d’autant plus remarquable, qu'elle est réelle, et qu'elle renferme 
méme une infinité de valeurs réelles différentes. 

Thereupon, independently of any of his previous results, he devotes half a 
page to the derivation of the logarithms of a complex number. He assumes 
la + bv—1) =x+yvV-—1, x and y being unknown, then differentiates, 
and equates the reals and the imaginaries. Thus x and y are found, expressed 
in terms of arc sine and arc cosine. Here the great question which was 


1 Histoire de l’acad, r. d. scien. et bell. lett., année 1749, & Berlin, 1751, pp. 222-288. 
2 See Ostwald’s Klassiker, No. 14, Leipzig, 1890; Gauss, Werke, Vol. III, 1876, pp. 1-30. 
5M. Cantor, op, cit., Vol. III, 2. aufl., 1901, pp. 601-604. 
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agitated for a century was satisfactorily treated within the compass of less than 
a couple of dozen lines. 

Did Euler communicate his results on logarithms to his old and revered master, 
John Bernoulli I? Historians have given no information on this question. But 
there is evidence that Euler did so. Pessuti, who took part in the controversy 
in Italy, states that he met Euler in St. Petersburg and that Euler made to him 
the statement that “having communicated his [Euler’s] results to John Bernoulli 
shortly before his death, the good old man replied that he died content, because 
he saw reconciled what seemed to be irreconcilable paradoxes, namely the con- 
tradictions which had given rise to the great dispute on logarithms of negative 
numbers, long continued, between Leibniz and himself.”! Calandrelli replies to 
Pessuti that this statement cannot be true, since Bernoulli died in 1748, and 
Euler’s article was sent to the Berlin Academy in 1749. But we know now that 
Euler had his first paper completed in 1747. 

(To be continued.) 


AMICABLE NUMBER TRIPLES.? 
By L. E. DICKSON, University of Chicago. 


1. Two numbers are called amicable if each is the sum of the proper divisors 
of the other, a proper divisor of n being a divisor less than m. We shall say that 
three numbers form an amicable triple if the sum of the proper divisors of each 
equals the sum of the remaining two numbers. Let o(n) denote the sum of all 
the divisors of n. Then 7, ne, n3 form an amicable triple if 


(1) = o(n2) = o(ns) = m1 + + 
Similarly, --+, form an amicable k-triple if 
(2) = o(me) = = o(m) = m+ 


If k = 2, n; and nz are amicable numbers in the usual sense. 

For k > 2, I have verified that the only solutions of (2) in which not every 
n; exceeds 1,000 are those with k = 3, ny = = nz = 120 or 672. When the k 
numbers n; are all equal, 7; is called a multiply perfect number of multiplicity k; 
as many as 251 such numbers are known,’ all with k < 7. 

I obtain below 8 sets of amicable triples in which two of the numbers are 
equal, and the triple of distinct numbers (end of § 8): 


(I) 293 - 337a, 5-1656la, 9937la, a= 2°-3- 13. 


Another amicable triple of distinct numbers is obtained in § 14 by a device. 


1G. Calandrelli, Saggio analitico, etc., Roma, 1778, p. 14. 
2 Read before the American Mathematical Society, December 31, 1912. 
3 Cf. Carmichael and Mason, Proceedings Indiana Academy of Science, 1911, pp. 257-270. 
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2. Consider an amicable triple apq, ars, at, where p, q, r, 8, t are primes not 
dividing a, and p + q,r +s. Then 


Call 2 the greatest common divisor of p+1, r+ 1, and set p+1=az, 
r+1= 6x. Thena, are relatively prime, and 


q+1=By, s+tl=ay, t+1 = 
aBxyo(a) = o(at) = a(pg + rs + t) = a(3aBry — ax — ay — Bx — By + 1). 
We therefore set 


(3) (b, relatively prime). 
Hence 
(4) caBxy — ba + B)(x+ y) +b = 0, 
; (5) [caBx — b(a + — b(a + B)] = + B)? — bea. 


We assign values to a, a, 8, determine b and ¢ by (3), express in all possible 
ways the second member of (5) as a product of two integers, and take the latter 
as the values of the two factors on the left of (5). A favorable case is that in 
which ca is small. 

For a even, p, ---, ¢ are odd, x and y both even, so that, by (4), b is a multiple 
of 4. First, let a be even and 8 odd. Then bd is a multiple of 8. For a = 96, 
b = 8, c = 3, and a/2 is odd by (4); fora = 2 or 6,8 < 19;a = 10 or 14, B < 10, 
(5) has no integral solutions except those making p = 3, a divisor of a. Next, 
let a and B be odd. For a = 96; a = 40 or 224, b = 4, c = 3; a = 48, b = 12, 
c = 5, the small values of a, 8 were examined, but the only solution found is 
that with a = 96,a = B = 1, viz., 


(II) %.3-5-43, 2%-3-5-43, 263. 


While this method is less effective than the following one, it introduces 
naturally the substitution (3), used also below. 

3. Let apg, arf, at form an amicable triple, where p, q, r, ¢ are primes not 
dividing a, and f is an integer relatively prime toa. Call h the greatest common 
divisor of o(f) and p+ 1, and set o(f) = gh, p+ 1 = zh, so that g and 2 are 
, relatively prime. Then, by (1), 


r+1= ay, qt+1= gy, t = — 1, 
0 = ay[2agh + af — gho(a)] — a(he + gy + f). 
Multiply by b/a and eliminate o(a) by use of (3). We get 


(6) exy — bha — bgy — bf = 0, e = bf — bgh + cgh. 


— 
= 
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Multiply (6,) by egh. We get MN = T, where 

M = h(ex — bg), N= gley— bh), T = (ef + bgh)bgh. 
Solving for x, y, we find that 


o(f) 
(8) e = bf — bo(f) + co(f), T = lef + bo(f)]bo(f). 


Note that g, h do not occur explicitly in (7), (8). The problem is therefore 
to assign such relatively prime values to a and f that, when T' is expressed as a 
product MN, the numbers (7) will be integers and primes and 


(9) t= (p+ 


1, 


a prime, no one of the four primes to divide a. 

With the exception of 945, every odd number a < 1000 is deficient, viz., 
a(a) < 2a, and gives c > b, whence e is a sum of positive multiples of f and 
o(f). Thus the denominator e is large compared wi‘h f. 

Henceforth, we shall assume that ais even. Then 9, q, r, f, t are odd, and 
xy, hx, gy are even. Thus, by (6), biseven. If 2, y are not both even, h or g is 
even and e is even. Hence in every case, ery and therefore also b is divisible 
by 4. Then by (3), a is either a multiple of 8 or is the product of 4 and an odd 
square. 


4. We have shown that, when a is even, b = 2°B, where 8 = 2 and B is odd. 
We proceed to prove the noteworthy and very useful 

THEOREM: There is no amicable triple with o(f ) divisible by 2°. 

Suppose that o(f) = 2%. Write y for the odd number b—c. Then by (8) 


(10) e=2°k, k= Bf — 
(11) MN = 2°A - 2*Bo(f), A=kf+ Bo(f). 
First, let be even. Then kand A are odd. By (7), M and N are multiples 


of 2 - 2®, since p and q are odd. Thus 
M = 2+'m, N = 28t'n, 4mn = ABo(f), 
k(p + 1) = 2m+ Bo(f), k(q +1) = 2n+ Ba(f), 


k2(r + 1) E=AB+E, E=2B(m+n) + Bo(f). 


Since E is even, r + 1 is odd, whereas r is to be an odd prime. 
Next, let ¢ be odd. Then k = 2*K, x 2 1, K odd. By (7), 
(12) 22+*K(p + 1) = M+ Bo. 


= 
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Consider the sub-case x 2 8— 1. Since p is odd, the left member of (12) 
is divisible by 277, The same is true of M and of N. Set 
M = 2%m, N = 
By (11), A and therefore also k is divisible by 28. Thus 


A=2%a, a =2**fK + Bo. 
By (12), 
= 2*(m + Bo)(mod 2°***"), m = — Bo(mod 2**'~*). 


From the latter and the like congruence for n, we get 
mn = B*¢?(mod 2*t'-*), 
But, by (11), mn = aBd. Replacing a by its value, we get 
Bo + Bg? = mn = B*¢*(mod 2**'-*), 
which is impossible since fK B@ is odd. 
Finally, let x < 8@—1. By (12), M is divisible by 2 - 2®**. Let 
M = N = = fK + 2°-“*Bo. 


Then a is odd. By (11), 
A = 2a, mn = 2°-*aBo. 

By (12) or (7), 

K(p + 1) = 2m+ 2°*Bo, K(q+ 1) = 2n+ 2°*Bo, 


4 1 
+ 1) = (m + 2°-*1B¢)(n + +++) = + 2B(m + n) + 


The number in brackets is odd. Hence r + 1 is not an integer. 

For the case f a prime, the theorem yields the 

Coro.uary: There is no amicable triple apg, arf, at, where p, q, r, f, ¢ are 
primes not dividing the even number a, and at least one of the primes p, q, r, f 
is of the form 2°¢ — 1, where 2° is the highest power of 2 dividing b, defined by (3). 

5. Applying the theorem for 8 = 2 or 3, and finding the solutions f of o(f) 
= w, 2w, 4w, where w is odd, we obtain the 

THEOREM. If b = 4B, B odd, an amicable triple has 


f= Gk + 


where 4k + 1 is unity or a prime not dividing g. If b = 8B, f may have also one 
of the following values 


(8k + 3) (4k + (4k + 1)#*1(43 + 


where 8k + 3, 4k + 1, 47 + 1 are primes not dividing g. 
6. The case ¢c = 1 is favorable since e is then small in comparison with f. 
The minimum }isthen 4. The condition for b = 4, c = 1is, by (3), lla = 4¢(a). 
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The least k for which o(2*) has the factor 11 is k= 9. Let a= 2%a, @ odd. 
Then = 3le(a). Set a= 3ly. Then 3e(y) = 4y, which holds for 
y = 3. Thus a solution is a = 2°-3-31. For f = 1, we obtain the solution 


(IID) 5 - 18a, 83a, 88a, a = 2°-3- 31. 
Next, let f be a prime. By §5,f = 4/+1. Thene = 2(21/—1). Thus 
M=4m, mn = (21+ 1)(8P + 61+ 3), (21— 1) (p+1) = 2(m+ 41+ 2). 


Hence m and n are = — 4(mod 2/— 1). For f = 5, m= 3, n= 17, q = 45. 
For f = 183, m= 1, n=3-7- 31, g = 265, or m = 21, n = 31, which yields 
the solution 

(IV) 13-17a, 13-17a, 25la, a= 2°-3- 31. 


For f= 37, m=3-5-19, n= 47, q=9. f= 137, m=3-5- 31, 
n = 23-61, q= 45. For the remaining primes 4/ + 1 < 200, there is no set 
of values m, n; likewise, not for f = 77, 11°, 17%. For f = 5, e = 7, M = 2m, 
m =1(mod 7), m=1, n=18- 23-31, q = 2665. For f = 13’, e = 127, 
m = 15(mod 127), m= 15, n= 23 - 61 - 198, g =O(mod 3). The smallest 
f = vw* (v, w distinct primes) making e > 0 are 5*- 17? and 7? - 11’, giving 
e = 349 and 973, respectively. Each prime factor of f exceeds 3 by the 

THEOREM. Lach prime factor of f exceeds b/c — 1. 

Proof is needed only when b > c. If v is a prime factor of f, we have, since 


e> 0, 


7. Let b= 12, c= 1. The condition (3) is 120(a) = 35a. For a = 
a odd, 3°a(a) = 2 - 7a; leta = 37; then 130(y) = 14y, which holds for y = 13. 
For a = 2'a, 3°¢(a) = 2° - 5a, which holds fora = 3°, 

For f = 1, we have e = 1, M = 2m, mn = 3 - 13, m = 1 or 8, 


(p, 9, T) = (18, 89, 1259) or (17, 37, 683), 
all primes, and ¢ = r. We thus have the three amicable triples 
(V) 13 - 89a, 1259a, 1259a, a = 25 - 33, 
(VI, (VID 17- 37a, 683a, 683a, a = 2° - 3° or 2%- 3?- 13. 


Let f be a prime (> 11, by $6). Then f=4k+1, M = 4m, N =4n, 
e = 4k — 10, mn = 3(2k + 1)(8k? + 6k + 7), (2k — 5)\(p+ 1) = 2m+ 12(2k+1). 
Thus m = — 36(mod 2k — 5). If k= 99+ 7, 2k — 5 = 9(27+ 1), m= 9m’, 
n = Qn’, m'n’ = (6j + 5)(727? + 1187 + 49), (27 + 1)(p + 1) =2m’+4(6j + 5), 
m’ = — 4(mod 27+ 1). For 7=0, f= 29, m’n’ = 5-7, while m’ = 1, 
7 or 7? gives p = O(mod 3). For 7 = 1, f is composite. For 7 = 2, f = 101, 
m'n’ = 3-17-191; either m’=1, g=3- 1303, or m’=51, p=3- 11. 


— 


AMICABLE NUMBER TRIPLES 89 


For j = 3, f = 137, there is no set m, n. For j = 4, f = 173, m’ =7 - 29, 
n’ = 239,p=3-19. Next, if k = 30+ 1, v + 37 + 2; m = 3m’ and 


m'n! = 3(2v + 1)(240? + 220 + 7), (20 — 1)(p + 1) = 2m’ + 12(20 + 1), 
m’ = — 12(mod 22 — 1). 


= 17, m'n’ = 9 - 53; if n’ = 53 or 9 - 53, q = 3 - 47 or 23 - 43; 

= 41,q = 353, butr = 825. Forv = 3,f = 41, m’n’ = 3-7-17?, 
m’ = 3, p = 17, q = 825. Fors = 4, f = 53, m’n’ = 3° - 479, m’ = 9, p= 17, 
q = 425. For v = 6, 10, 13, 15, f is composite. For » = 7, f = 89, m’n’ = 
3?-5-7-191; either m’=1, p=13, gq= 13-23-31 or m’'=3-5-7, 
p = 29, q = 101, r = 33. For v = 9, f = 113 and for » = 16, f = 197, there is 
no set m, n. 

For k = 1(mod 3) the primes f < 200 for which there occur sets m, n are 
f = 13, 37,97. Forf = 13, mn = 3-7 - 97; if m = 1 or 21, p has the factor 5; 
if m = 3 or 7, q has the factor 1l or 5. Forf = 37, m = 3,n = 19 - 709, p = 17 
and gq = 2089 are primes, but r = 23 - 43. Forf = 97,m =7,n = 3-7 - 4759, 
p = 13, q = 59 - 79. 

Next, let f = vaprime > 11. Forv = 13, M = 6m, mn = 3 - 19- 61 83, 
either m = 19, p= 3-51 or m= 19-61, p= 609. For v= 19, M = 6m, 
mn = 3-11-41? - 127, n= 41 - 127, g= 11-23. For v = 17 or 23, there is 
no set m, n. 

For f = vw’, where v and w are distinct primes < 29, e is positive only for 
» = 23, w = 29, and e = 40375. 

8. A very favorable case is that in which bo(f) and hence M and N are mul- 
tiples of e, since the computed values of p, q are always integers. This case 
does not arise for f = 1, whence ¢ = 1, e = ¢, since c is prime to b. Let f bea 
prime. Then e=co—b. Let g be the greatest common divisor of b = g8 
and o = g@, so that ¢ is prime to 8 and hence to E = cH — B. Since e = gE 
divides gbp, E divides b and therefore also g. Let g = EQ. Then 


b= BEQ, o(f)= EQ, e= FQ. 


Conversely, this e divides bo(f ). 

First, let f = 5. Since o = 6 and b is a multiple of 4, g = 2 or 6, and B is 
even, E odd. If g=6,¢=1, c—8B=E=1 or 3, b= 68. In the latter 
case, 8 = c — 3, and ¢ is prime to 6. For c = 5, b = 12 and we may take 
a = 48, an unfruitful case ($2). For c = 7, b = 24 and we may take a = 72. 
Then for f= 5, e= 18, M = 36m, mn = 26, p+1=2m+8; if m=1, 
p = 8;ifm = 2,p. = 11,g=3-11. Forf = 11,e = 60, M = 24m, mn=6-79, 
p+1 = (2m + 24)/5, m = 3(mod 5), m = 3, p = 5, gq = 67, r=3-11. For 
f = 18, 17, 19, 25, there is no set m, n. 

Next, lett g= 2. Then ¢=3, E=1, 28, B=3c—1. If c=1, 
b = 4, a case treated in §6. If c = 3, b = 16 and (3) gives 45a = 160(a). The 
simplest solution arises from a = 2’a, a odd. Then 17c(a)=8-+- 3a. Let 
a=17y, y prime to 17. Then 3e(y) = 4y, y = 3, ‘whence a = 2?- 3-17. 


90 AMICABLE NUMBER TRIPLES 


For f = 1,e = 3, M = 2m, mn = 4 - 19, either m = 1, p = 5, qg = 55 orm = 4, 
p=7, gq=17, r=11-138. For f=5, e=2, M=4m, mn= 53, 
p+1=2m+ 48, m # 2(mod 3), whence either m= 1, p= 7? or m= 6, 
p =.59,q= 3-51. Forf = 7,e = 8, M = 16m, mn = 4 - 23,p+1 = 2m+16, 
whence 

m| p q | r t 

1{ 17 | 119 | 449 | 59-61 

2; 19 107 | 269 | 17-127 

4} 23 61 | 5-37 


For f = 11, e = 20, M = 8m, mn = 4- 3 - 103, either m = 1, p = 9 or m= 6, 
p=11, q=7-13. For f=17, e= 38, M=4m, m=4, n= 3? - 467, 
p =7,q = 449,r = 199,t= 59-61. Forf=19,e=4- ll,m = 4,n = 5-17, 
p=7, q = 269, r= 107, t= 17-127. For f = 23, e=8-7, M = 16m, 
mn =4-3-11- 19, either m= 4, p= 7, q = 185, or m= 11, p= 9. For 
f=29, M=4m, m=5-13, n= 2?-3-101, p=9. For f=13 or 7, 
there is no set m, n. 

If c = 5 or 7, the solution of (3) is not evident. Letc = 9. Thenb = 4- 13, 
4-130(a) = 3-7?-a. Leta = 18a,e not divisible by 13. Then 2°¢(a)=3-7a. 
Let a= 2°y. Then 30(y) = 47, y= 3, a= For f=1, e=9, 
M = 2m, m = 1, n = 13 - 61, giving the amicable triple 


(VIID) 5+ 18la, 1091la, 109la, a= 2°- 3- 13. 


For f = 5, e = 2, M = 4m, mn = 3-7-13- 283, p+1 = 2(m+ 78), m ¥ 2, 
nm # 2(mod 3). We may take n a multiple of 3-23. For m= 1, p = 157 
and g = 12713 are primes, but r= 53-6317. For m=7, p= 13% For 
m = 13, p= 181, g= 19-59. For m =7 - 13, we obtain solution I of §1. 
For f = 13 or 17, there is no set m, n. 

9. In the intial work of §8, let f= 17. Then g = 2, 6 or 18. To make 
e = gEaminimum, wetakeE = 1. Thenforg = 18,¢ = 1, b = 188, 8 = c—1, 
ec prime to18. Fore = 5,7 or11, the solution of (3) is not evident. For c = 13, 
b = 2° - 33,5-127a = 2°- 38¢(a). Takea = 2%a,aodd. Then - 5a= 3%e(a), 
a= 3°, For f=1, e= 13, M=2m, m=9, n=2-3- 229, p=17 and 
q = 227 are primes, but r = 11 - 373. For f a prime, e = 13f — 203, f > 14. 
For f = 17, e = 18, M = 36m, mn = 2 - 3° - 238, p+ 1 = 2m + 216, m #2 
(mod 3), m + 2, n + 233. For m=1 or 3, p is composite. For m = 27, 
q = 31-37. For m = 6, 9 or 18, p and q are primes, but r is composite. For 
f = 19, M = 8m, either m = 10, p = 99 or m = 54, n = 5 - 1289, g = 3 + 423. 
Finally, for c= 17, b = 2° - 3%, 7- = 3’o(a). Let a= 2a, @ odd. 
Then 11’a = 3‘¢(@@),a = 34. Forf = 1,e = 17, M = 2m, mn = 2°. 3?- 5- 61, 
p+ 1 = 2(m+ 144/17, either m=9, p=17, q= 303 or m= 2-3-5, 
leading to the amicable triple 


(IX) 23 - 59a, 1439a, 14392, a= 34, 


| 
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For f a prime, e = 17f — 271, f> 14. If f=17, e= 18, M = 36m, mn = 
23. 3?- 5-61, p+1 = 2m+ 288, m, n # 2(mod 3). There are 16 cases; 
but p is a prime only for m = 10, 40, 3, 12, 36, 15, 30,90. If m= 10, q = 4679, 
r= 3 - 26693. Ifm = 40, 3, 36, 15, 30, 90,qiscomposite. Ifm = 12,q = 3947, 
r= 11-6221. For f= 19, e= 4-13, M= 8m, mn= 2° -3?-5-7- 241, 
p+ 1= 2(m+ 5)/13 + 110, m = 8(mod 13). There are 4 m’s. If m=8 
or 60,p = 3- 370r7-17. Ifm= 21,p = 113,q = 47-97. Ifm = 2°-3-5-7, 
p = 239,qg= 138-17. For f = 23, e = 120, M = 48m, mn = 2° - 3? - 13 - 31, 
p +1 = 2(m+ 144)/5,m = 1(mod 5). Thereare6m’s. Ifm=1,p=3- 19. 
If m= 2?-3-138, p=7-17. If m=6, g=11-181. If m= 3 - 13, 
gq=3-23. Ifm= 2-3, p= 71, q = 379, r = 17 - 67. If m= 26, p = 67, 
q = 503, r = 1427 are primes, but ¢t = 43 - 797. 

10. For a = 144 = b, c = 29, f = 5, e = 30, M = 12m, mn = 2? - 3? - 13°, 
p+1 = (2m + 144)/5, m = 3(mod 5); m = 2 - 3? or 13 gives p = 35 or 33; 
m=n=2-3- 13 gives p = q = 59,r = 599, t = 59 - 61; m = 3, gives p = 29, 
q = 8389, r= 13-17-19. For f= 1, 7, 11, or 25, there is no set m, n. For 
f = 125,e = 60, M = 24m, mn = 2? - 3? - 11 - 13 - 127, p+ 1 = 2(m+ 936)/5, 
m = 4(mod 5), so that m = 4, 9, 3 - 13 or 2 - 3? - 13 or their products by 11. 
Then p is composite except for m = 3 - 13, q = 17 - 727, and for m = 2 - 3? - 13, 
p = 467, q = 2371, r = 0(mod 5). 

11. For a = 192 = 2°- 3, b= 48, c= 17. If f=5, e= 54, M = 36m, 
mn = 4-31, p+ 1 = 2(m+ 8)/3; either m = 1, = 3 - 29 or m= 4, g = 25. 
If f=7, e=8-11, M=16m, mn=2.-3- 5, p+1 = 2(m+ 24)/11, 
m= 20,p=7,q = 17,r = 17,t= 11-13. Iff = 35,e = 64 - 3, M =128-3m, 
mn = 3-47, p+1 = 2m+ 12; if m= 1, p= 13, q = 293, but r+ 1 is not 
an integer; if m= 3, q= 105. If f= 55, e=8-51, M= 48m, mn= 
2? . 3? - 13 - 83, m = 13 or 2- 3? - 13, p= 9 or 35. If f = 1, 11, 13, or 25, 
there is no set m, n. 

12. For a= 2’- 3, b= 32, c=11. If f=5, e= 34, M=4m, m= 
2?.3-181, m= 3, q=175. If f=7, e=8-7, M= 16m, mn= 2° - 34, 
m= 22-3, p=7, q=19, r=19, t= 3-53. If f= 11, p= 3, excluded. 
If f = 35, e= 16-7, M = 32m, mn = 2°- 3-11-31, p+ 1 = 2(m+ 48)/7; 
m= 1, p= 18, = 2351, r = 685; m = 8, p= 15; m = 22,g=7-17. For 
f = 1, 13, 55 or 175, there is no set m, n. 

13. For a= 24-3?-17, b=8-17, c=5. If f=1, e=5, M = 2m, 
mn = 2-3-17-47,m = 2(mod 5); m= 2, p = 27; m = 17, p = 33; m = 6-17, 
p = 67, q= 45. If f is a prime, e = 5f — 131, f > 26. For f = 29, e = 14, 
M = 4m, mn = 2-3-5-17 - 2243, m = 2(mod 7); m= 2, p= 3-97; m = 30, 
p=13-23; m=3-17, p= 305; m=2-5-17, p=3-113. For f = 37, 
41, 43, or 29, there is no set m, n. 

14. We may employ a simple tentative method of finding amicable triples 
ar, as, at, where a is relatively prime to r, s, ¢. Let r, s, t be chosen so that 
a(r) = o(s) = s(t). The problem is to find a such that also 


o(r) -o(a) = da. 
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The set r, 8, tis to be rejected if o(r) has a prime factor dividing one of the numbers 
r, 8, t, but not their sum, since it must then divide a. All such sets in which the 
common divisor sum o(r) does not exceed 360 are given in the following list 


83, 7o(a) = 24a; 

&-31, 191, 2%o(a) = 

239, 24 - 5e(a) = 7 3la; 

2-56-13, 5-41, 13-17, 3? - 7a(a) = 1394; 

5-41, 13-17, 251, 2? - 7o(a) = 677a; 

2-83, -5-41, 13- 17%, 3? - 7a(a) = 2? 37a; 

3-89, 11-29, 17-19, 2° 50(a) = 101a; 
11-29, 17-19, 359, 2° - 3?- 5e0(a) = 7-11 - 13a; 

3-89, 29, 359, 2°o(a) = 3+ 7a. 


For the final equation the solution a = 2° - 3 obtained at the end of § 8 is now 
excluded since 3 divides one of the triple. A valid solution may be found ten- 
tatively. Let a = 2"b. For certain values of n < 14, a would necessarily be 
divisible by one of the prime factors of the numbers of the triple; for the others, 
a solution seems improbable. Take n= 14. Then 31 - 15lo(b) = 2" - 3b. 
Let b = 31-15lce. Then 19¢(c) = 3c. Letec = 19d. Then 50(d) = 2 - 3d, 
d= 5. Hence we have the amicable triple 


(X) 89a, 11+ 29a, 359a, a= 2%-5-19-31- 151. 


MATHEMATICAL LITERATURE FOR HIGH SCHOOL TEACHERS.! 
By G. A. MILLER, University of Illinois. 


There is no sharp line of division between the mathematics for the high school 
teacher and that which is more advanced. All teachers should strive to increase 
their knowledge of the subjects which they teach. The teacher who does not 
hunger and thirst for more knowledge cannot hope to inspire his students with 
the proper zeal and earnestness. The desire for more knowledge -should be 
based, in part, on the fact that we seek more light on the subjects which we 
teach. 

Mathematics Not a Finished Science.—Even such elementary concepts as 
those of the natural numbers become more replete with meaning if we study 
the efforts to base these concepts on those of the theory of aggregates. Questions 
relating directly to the natural numbers have been considered in recent years 
by some of the foremost mathematicians, especially in view of the fact that the 


1 Address before the mathematical section of the High School Conference held at the Uni- 
versity of Illinois in November, 1912. Reported by Dr. W. W. Denton. 
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contradictions which have appeared in the theory of infinite aggregates raise the 
question whether the concept of natural numbers should be based on this theory.’ 
This reference may suffice to emphasize the fact that even elementary mathe- 
matics is not a finished science, but one which is continually being enriched 
through the developments in the various fields of our subject. 

The Teacher Cannot Stand Still—Another reason why teachers should strive 
to increase their knowledge is based on the fact that our intellectual standards 
are being rapidly raised. This applies to the teachers in the universities as well 
as to those in the high schools. The fact that a teacher knows enough to meet 
the demands made upon him to-day does not imply that an equal amount of 
knowledge will suffice ten years from now. It is well known that some of the 
men who were appointed as professors in the universities twenty years ago could 
not meet the requirements of an instructorship to-day. Since most high schools 
are less conservative than the universities as regards the dismissal of those who 
do not meet the requirements of the time, it would appear that the high school 
teacher has special reasons to observe the drift of things. 

The Rapid Growth of Libraries.—One evidence of our rapid intellectual 
advance is furnished by the great growth of our libraries and their facilities to 
serve the people. The Illinois State University Library, for instance, has 
doubled the number of its volumes within a decade and is continually becoming 
a stronger factor in the intellectual advance of the state. About a score of cities 
in our country contain libraries whose annual income exceeds $100,000, and the 
city of Chicago has at least three such libraries. While our libraries are not 
yet as large as some of those in Europe, we have now at least three containing 
more than a million volumes each, namely, the libraries of Congress, New York 
and Boston. 

The great development of our libraries implies an active intellectual growth 
of the people as a whole, and with this growth there naturally comes a demand 
for higher and better standards on the part of our teachers. To attain these 
standards it is necessary that we grow, and the most useful aid to intellectual 
growth is literature. The mathematical literature may be divided into two 
large classes,—periodic and non-periodic. These classes we shall call journals 
and books respectively. 

Early Mathematical Journals.—The journals are continually assuming a 
more and more important place in our literature; and they vary so much that 
almost all classes of readers are now provided for. The first American mathe- 
matical journal, known as the Mathematical Correspondent, was started about a 
century ago, but it did not survive long. Several other journals had a similar 
fate. Our oldest extant mathematical journal, known as the American Journal of 
Mathematics, is less than forty years old, having been started in 1878. 

__Even in Europe mathematical journals are of a comparatively recent origin. 
Hence we find ourselves near the beginning of mathematical journals, but we 


1Cf. C. Farser, “Der Zahlbegriff in Lehrbiichern und im Unterricht,” Archiv der Mathe- 
matik und Physik, vol. 20 (1912), p. 139. 
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have reason to believe that many of those now extant will live forever. It is 
interesting to consider the effect of these journals on the future development of 
our science. As a rule each volume marks an advance over its predecessor, 
and the 142 volumes of the German journal called, Journal fiir die reine und 
angewandte Mathematik, furnish some evidence with respect to the elevating 
influence of the journals of high grade. 

Journals for Secondary Teachers.—The most elementary American regular 
periodicals which are largely or entirely devoted to mathematics are School 
Science and Mathematics and The Mathematics Teacher. The AMERICAN MATHE- 
MATICAL MONTHLY is of a little more advanced type, but most of its articles 
and problems should be within the easy reach of the average high school teacher. 
The English journal called Mathematical Gazette is the organ of their Mathematical 
Association, formerly known as the “ Association for the improvement of geom- 
etric teaching.”” This association aims to bring within its consideration all 
branches of elementary mathematics, and its journal is of about the same grade 
as the AMERICAN MatuematicaL Monraty. The Annals of Mathematics, now 
published under the auspices of Princeton University, is of a somewhat higher 
grade, but it should be read by the more advanced high school teachers. 

Each of the other leading mathematical languages, French, German, and 
Italian, has similar journals; and these journals are playing an important réle 
in the mathematical development of the people using these languages. This 
implies that periodic literature is filling a want of the teachers of the high school 
grade in all the leading countries of the world. We are naturally led to inquire 
why journals are so desirable, and what useful objects they accomplish. 

The Influence of Journals.—In the first place, journals bring us face to face 
with many of the modern questions. They facilitate collaboration and represent 
the dynamic elements in mathematical literature, while books represent more 
nearly the static. The following instance may serve to illustrate the point in 
question. About a year and a half ago a mathematical journal called Revista de 
la Sociedad Matematica Espafiola was started at Madrid, and twenty-five Spanish 
mathematicians attended the Fifth International Congress of Mathematicians 
during last summer, while the largest attendance of Spanish mathematicians at 
any of the preceding congresses was five. Journals seem to accompany the 
mathematical activity of nations, and hence it is reasonable to assume that they 
exercise a helpful influence. 

It is, of course, true that books have many advantages. They are suitable 
for the more extended and systematic presentation of subjects and for grading 
the work so as to put it into a form for the beginner. The point which we desire 
to emphasize is that the modern teacher needs journals as well as books, and 
that he should not fail to utilize the advantages offered by the best periodic 
literature. The loyal support rendered to this literature will tend to improve its 
quality and to increase its influence for good. We should all aim to enhance the 
dignity of our profession and to show our interest in it by exerting some influence 
along lines that tend to ennoble it. 
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Books of Reference.—While it is comparatively easy to suggest the most 
suitable mathematical journals, it is much more difficult to give equally good ad- 
vice with respect to books, since the number of such books is so large. All that 
we shall aim to do in this connection is to call attention to a few books of reference 
and to a few works of a general mathematical character. 

In 1908 the Royal Society of London published the volume on pure mathe- 
matics of its Subject Index of the scientific papers which appeared during the 
nineteenth century. This volume includes 38,748 entries, relating to the mathe- 
matical papers which appeared in 700 different serials. It seems to me that all 
students of mathematics should have access to such reference books, since they 
serve as a reliable guide to the literature on a large number of different mathe- 
matical subjects, and they enable one to get a correct general view of the developed 
parts of our science. Hence they tend to eliminate the waste involved in doing 
the same thing over and over without utilizing the results attained by others. 

The Great Encyclopedias.—The most valuable modern work of reference, 
especially for the advanced student of mathematics, is the large mathematical 
encyclopedia which is being published in German and in French. Many parts 
of this work relate to subjects which should be of interest to high school teachers. 
Unfortunately, the parts relating to teaching, history and philosophy are to 
appear at the end and have not yet been completely planned. The extent of this 
work may be inferred from the fact that 35 volumes of the French edition have 
already been planned. It is hoped that the first volume of this edition, devoted 
to arithmetic, can be completed in the near future. The first volume of the 
German edition was completed several years ago and it is already out of print. 

Valentin’s Bibliography.—Another great work of reference, which has been 
in course of preparation for more than 25 years, should interest all students of 
mathematics. In 1885 G. Valentin of Berlin, Germany, began to prepare a 
bibliography of mathematical literature, which is to give a list of all the books and 
articles that appeared up to 1900. He collected about 150,000 titles, and about 
one-fourth of these are titles of books, counting different editions and trans- 
lations of the same book as a single book. This is the most extensive list of 
mathematical publications that has ever been made, and it is expected that a 
part of it will be ready for publication during the coming year. 

Other General Works.—Those who read English only will doubtless find 
Carr’s Synopsis of Elementary Results in Pure Mathematics very useful as a work 
of reference, even if it is a little old. Among the most modern books in the 
English language dealing with general mathematics of a high school grade, we 
may mention the following four: “ Monographs on topics of modern mathematics 
relevant to the elementary field,”’ edited by J. W. A. Young; “Lectures on funda- 
mental concepts of algebra and geometry,” by J. W. Young; “Introduction to 
mathematics,” by A. N. Whitehead; and “ Easy mathematics, chiefly arithmetic,” 
by Sir Oliver Lodge. 

The History of Mathematics.—During recent years there has been a rapidly 
growing interest in the history of mathematics. This has led to a re-examination 
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of many matters which had been accepted as historical facts. In a fairly large 
number of cases it turned out that the earlier conclusions had been based upon 
insufficient evidence. Hence teachers should be very cautious in reference to 
historical data. In fact, mathematical histories have been getting out of date 
so rapidly that it is not safe to place much confidence in some of the conclusions 
of the histories which are several years old. It is however, true that many 
important central facts of mathematical history rest on sound foundations and 
one can often see from the nature of the question and from the evidence pre- 
sented whether any reasonable doubts remain. 

In support of the statement that mathematical histories have been getting 
out of date very rapidly we may note the fact that in the third edition (1907) 
of volume I of Cantor’s Vorlesungen iiber Geschichte der Mathematik, page 616, 
there occurs the following sentence: “Ist noch unserem Dafiirhalten die Er- 
finding der Nul eine babylonische, die Vertiefung des Begriffes eine indische, so 
ist das Rechnen mit der Nul schon zu Brahmaguptas Zeit Gegenstand besonderer 
Vorschriften gewesen.” The corresponding sentence in the second edition 
(1894), page 576, begins as follows: “Ist noch unserem Dafiirhalten die Erfindung 
der Nul eine indische.” The substitution in the newer edition of the word 
“babylonische” for the word “indische” is important. 

The most popular history of mathematics in the English language seems to 
be Ball’s Short Account of the History of Mathematics, which reached its fifth 
edition in 1912 and has been translated into Italian and also into French. That 
this popularity does not imply unusual accuracy may be seen from the review of 
the fourth edition, published by G. Enestrém in the Bibliotheca Mathematica, 
volume 10 (1910), pages 85 to 88. Many interesting points relating to the 
early developments of mathematics in our own country are found in Cajori’s 
Teaching and History of Mathematics in the United States, 1890. Cajori’s History 
of Elementary Mathematics (1896) and History of Mathematics (1894), and the 
English translation of Fink’s Brief History of Mathematics (1900) are also valuable 
works for those who read English only: The student of history of mathematics 
is compelled to examine journals devoted to such history, if he wants to be up to 
date. The best of these journals at the present time is the Bibliotheca Mathe- 
matica. 

The Teaching of Mathematics.—The most striking feature of the current 
mathematical literature is that such a large amount of it is devoted to teaching. 
This is doubtless largely due to the influence of the work which is being done 
under the direction of the International Commission on the Teaching of Mathe- 
matics. This commission was appointed in 1908 and it was able to present 156 
of its publications at the recent international mathematical congress. The 
reports prepared by the twelve American committees have been published by 
the United States Bureau of Education and have been distributed freely. They 
constitute a valuable addition to the literature which should be read by all 
teachers of mathematics. 


1 An example of valuable historical material appearing first in a journal is Professor Cajori’s 
“History of the Logarithmic and Exponential Concepts’? now being published by the Monraty, 
and not yet completed when this address was delivered. 
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Notwithstanding the great importance of the recent pedagogical literature 
we cannot pursue this subject further, since our aim has been to confine ourselves 
practically to mathematics as a branch of knowledge. In closing we may call 
attention to a type of literature which is often helpful to awaken interest where 
other means fail. I refer to the puzzles and curiosities which are apparently 
isolated from any important theory. A large collection of these is found, for 
instance, in the fifth edition (1911) of Ball’s Mathematical Recreations and Essays. 


BOOK REVIEWS. 


The Teaching of Mathematics in Secondary Schools. By ArtTHur SCHULTZE. 

The Macmillan Company, New York, 1912. xx+370 pages. $1.25. 

Instead of treating the general problems which face a teacher of mathematics 
in the high school, the author has chosen to provide a text which covers in detail 
the teaching of algebra and geometry. This makes the book of particular value 
to the inexperienced teacher. 

With this end in view, the theoretical discussion has been cut down to the 
mere essentials. The present inefficiency of mathematical teaching, the reasons 
for retaining mathematics in our high school course, the different methods of 
teaching with their advantages and difficulties, the logical foundations of algebra 
and geometry, are rapidly reviewed. Such a brief summary must, of necessity, 
consist of little more than a statement of facts. An outline of this kind might 
be rendered more valuable both to old and new teachers by references to more 
detailed discussion of certain topics. Such references the author has in most 
cases failed to provide. 

For the inexperienced teacher, the first book of plane geometry is full of 
difficulties. The author has attempted to smooth out some of these by a very 
detailed treatment. He discusses the characteristics of a good definition, and 
points out the difficulty in forming a definition. He also gives a number of 
examples to illustrate the preliminary definitions. The author would not have 
too great stress laid on the first few propositions. He would rather assume their 
proof and then impress their value by means of simple exercises. 

The author insists that the original exercise is the important part of geo- 
metrical teaching, for it is only through it that the student gains power to think, 
and more than this, the original is more under the control of the teacher than the 
ordinary proposition. Methods of forming exercises are given and a large 
number of graded problems on the first propositions iftriangles are added. 

The discussion of the propositions of the first book centers about the equal- 
ity of triangles and the properties of parallel lines. The treatment includes not only 
methods of proof but such incidental matters as converses of propositions, use 
of symbols and logical arrangement. Throughout the discussion in book one, the 
author uses the arrangement of propositions of Schultze and Sevenoak’s Geom- 
etry. This renders the work less valuable to those teachers who use a text 
with radically different arrangement. 
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For the rest of geometry, the treatment is not so detailed. The general 
topics of the circle, similar figures, methods of attack for theorems and problems, 
short cuts for the teacher, are given. There is a chapter on limits which gives 
some very good suggestions in regard to teaching that subject. 

For solid geometry, the treatment is confined to a discussion of the aim of 
the subject, the use of models, and methods of drawing figures. A chapter on 
applied problems, in which the author takes conservative ground, completes the 
treatment of geometry. 

There are two points of criticism in regard to the discussion of geometry. 
Little emphasis has been put on the use of algebra in geometry. In view of the 
fact that algebra is taught before geometry, a more extended use of algebraic 
methods would seem wise. Again, the geometry course is necessarily limited 
in time and if more originals are taught, the text must give way. New teachers 
hardly know what to omit, and an outline of important propositions, if only for 
the first book, would be valuable, such, for instance, as is proposed by the National 
Committee of Fifteen on Geometry Syllabus. 

The treatment of algebra is much more limited. After discussing what topics 
should be taught, the author takes up the methods of presenting the difficult 
ones, such as negative and irrational numbers. There is also a treatment of the 
use of graphs in the solution of problems, and a discussion of the use of logarithms. 
A chapter on the use of trigonometry by high school students completes the book. 


R. SHumway. 


Higher Algebra for Colleges and Secondary Schools. By CHartes Davison, Sc.D., 
Mathematical Master at King Edward’s School, Birmingham. Cambridge: 
at the University Press, 1912. vi+320 pages. $2.00. 

The introduction to this book is in part a review of some of the ground covered 
in the author’s Algebra for Secondary Schools. We find here four chapters, 
treating: the binomial theorem for positive integral index, product and poly- 
nomial theorems, partial fractions, and complex quantity. 

The first chapter contains chiefly examples and exercises which bring out 
important properties of the binomial coefficients, such as the following: (1) Show 
that (n+ 1)nCo — + (n — — (— 1)", Cn = 0; (2) Show that 
the integral part of (a+ Va? — 1)" is odd if n be a whole number. Here evi- 
dently a also should be a whole number. 

The second and third chapters treat briefly in twelve pages the other subjects 
mentioned above, and include four lists of exercises. The latter are of a dis- 
tinctly higher type than fhose found in American texts on College Algebra, yet 
are within reach of students above the freshman year. The same is true gener- 
ally of the large number of interesting and instructive lists of exercises scattered 
through the text. 

The treatment of complex quantity in Chapter IV is geometric, the vector 
OP being represented by one of the symbols (a, a) or (p, @). Addition is based 
on the parallelogram, which includes the construction for the sum of real numbers. 


BOOK REVIEWS 99 


“To multiply one complex number (a, a) by another (b, 8), the number (a, a) 
must be treated in the same way that unity is treated to obtain (b,8).” Following 
this out geometrically gives (a, a) X (b, 8) = (ab,a+ 6). Then i turns out to 
be the unit vector at right angles to the initial line, and this leads to (p, 0) = 2+yi. 
The chapter closes with a discussion of the commutative and associative laws, 
* and of the nth roots of unity, followed by a list of exercises. 

Part II contains six chapters dealing with convergency and divergency of 
series, binomial theorem, any index, exponential series, logarithmic series, sum- 
mation of series, recurring series. 

While the selection of the material here is excellent and well adapted to 
interest the student, the treatment is rather loose in places, On page 38 the 
sum of the geometric series is given as the sum of its first n terms. Several 
errors are due to statements about series in general which are true only for 
series of positive terms. Thus on page 42: “The ratio w+ w+ us+--:: 
v1 + te + v3 + --- lies between the least and greatest of the ratios u : %, 
Ue : V2, Ug: 03, °**. Nothing is said about the signs of the w’s and e’s. The 
same statement occurs on page 121. 

The treatment of the binomial theorem, any index, in Chapter VI extends 
only to rational indices. This chapter also contains Vandermonde’s theorem, 
two theorems on homogeneous products, and a considerable number of exercises. 

In Chapter VII on exponential series, ¢ is defined by means of the usual series, 
and is then computed to four places by using the first ten terms. It is not 
shown that the omitted terms could not affect the fourth place. Then f(m) is 
defined as the exponential series in m, and it is shown that f(m) - f(n) = f(m+ n), 
and from this that f(x) = e? for rational values of x. Other values of x are not 
considered. 

The logarithmic series in Chapter VIII is derived by aid of the binomial the- 
orem and hence is obtained only for rational values of x. In computing log 2 to 
four places, it is again not shown that the remainder of the series could not affect 
the fourth place. A number of interesting exercises on logarithms are given; 
the last one calls for evaluating the limit of the expression which leads to Euler’s 
constant. 

Under summation of series in Chapter IX we find the sums of some special 
series, definitions of the polygonal and figurate numbers, and the method of 
summation by differences, including numerous worked examples and exercises. 
Recurring series are briefly treated in Chapter X. 

Part III contains four chapters, treating of inequalities and maxima. and 
minima, approximations, limits and differential coefficients, convergency and 
divergency of series (second treatment). 

In the first of these chapters occur a number of “important inequalities,” 
several of which require restrictions that are not stated. Thus we find: “If 
a> b then a™ > b™ when m is a positive integer.” Again: “If a>2,b>y, 
c¢ > 2, then abe > zyz.” In the work on inequalities which follows, more care 
is taken to make the statements accurate. We have here comparisons of the 
arithmetic and geometric means of n quantities, and of the mean of the mth 
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powers with the mth power of the mean of n quantities. Under maxima and 
minima we find for example: “The maximum of x*y’z*, when + y+ 2 = C.” 

The chapter on approximations consists chiefly of many instructive examples 
and exercises. In the next chapter we find the usual theorems on limits, with the 
usual intuitive proofs. This is followed by a treatment of some indeterminate 
forms. Then the derivative is defined and polynomials and products of linear 
factors are differentiated. The last exercise of the chapter rather strains the 
use of the equality sign. 

Chapter XIV concludes the treatment of convergency and divergency of 
series. Additional tests are given, a direct comparison test, Raabe’s test, and a 
logarithmic test. In the proofs of all of these, the necessary restrictions on the 
signs of the terms are not stated. 

Part IV contains eight chapters treating the relations between coefficients and 
roots, transformation of equations, properties of equations, equal and com- 
mensurable roots, cubic and biquadratic equations, location of roots (Sturm’s 
theorem), Horner’s method, and determinants. The presentation of this material 
is clear and direct, and is accompanied by numerous well-chosen examples and 
exercises, 

One or two slips should be noted. The theorem on the number of roots, 
page 152, states more than is proved, since the existence of a root is not estab- 
lished. On page 177, under Rolle’s Theorem, is the rather remarkable state- 
ment: “It follows that every root of the equation f’(x) = 0 lies between a pair 
of successive roots of the equation f(x) = 0.” Similarly on page 185 under 
equal roots we find: “If the roots of f(x) = 0 be all different, all the roots of the 
equation f’(z) = 0 lie between successive pairs of roots of the given equation.” 

Chapter XXII develops the principal properties of determinants, the elements 
of a determinant being obtained by permutation of the subscripts in the principal 
term. Application is made to solution of equations and to elimination, the 
latter including Bezout’s method. 

Part .V contains five chapters relating to continued fractions, recurring 
continued fractions, continued fractions and series, theory of numbers and inde- 
terminate equations. In each case afew elementary theorems are demonstrated, 
and these are followed by numerous worked examples and lists of exercises. 

This concludes the body of the text, 279 pages. The next thirty pages 
contain twenty topics for short essays and fifteen “problem papers.” The book 
closes with a list of answers. 

Aside from such defects as those noted, the presentation of the material in 
the book is excellent. Perhaps two thirds of its pages are devoted to worked 
examples and exercises, and these are of such variety that they would make an 
interesting collection for any teacher of college mathematics. 

The book seems to be quite free from typographical errors. Only three were 
noticed: on page viii, line 3, the radical sign should be deleted; on page 140, 
line 7, a transposition is needed; on page 179, line 7, a fraction line is missing. 
To the list of symbols should be added the following: 2, ~, ¢, and >. 

W. C. BRENKE. 
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PROBLEMS AND QUESTIONS. 


The solutions of problems are omitted this month to give more time for 
reports on problems proposed in the January issue. The following generalized 
puzzle is in keeping with the generalizing spirit of pure mathematics. It was 
suggested at a dinner of the Chicago Section of the American Mathematical 
Society. 


A PuzzLe GENERALIZED. 


By R. P. BAKER, University of Iowa. 


The original form of the puzzle is as follows: Given 6 counters in two like 
sets of 3 arranged alternately in a line. By moving pairs along the line without 
rotation to arrange in 3 moves the like sets together, leaving no gaps. 

By using +, — for the counters and 0’s for the gaps the solution may be 
indicated thus. 


The generalized problem substitutes m for 3 and 2m for 6, m being any integer. 

The first proposition is that less than m moves is impossible. At first we 
have 2m — 1 changes of sign and at the last 1. Hence 2m — 2 changes are 
lost. Now no move can destroy more than 2 changes. For consider the moved 
pair and its former and latter neighbors. If the moved pair is like, not more 
than 2 changes exist at the start and so no more can be lost. If the moved pair 
is unlike, 3 changes may exist at the start but one is carried over. The first 
move cannot destroy more than one change and so m moves are necessary. 

The solution is, however, for m > 3 not unique in its details, but can be de- 
scribed in its necessary features, and the latitude permitted in the way of variants 
indicated. The plan differs according to the residue of m modulo 4. 

For m = 4k, arrange to count 2m + 2 columns, the last two being occupied 
by zeros at the start, and for convenience cut off the last m columns by a bar 


12 3 m+2|m+ 3, m+ 4, --- 2m, 2m+ 1, 2m+ 2 
+-+ -| + = - 0 0 


We describe a move by a substitution symbol. Thus (<5) means that the 


counters in the columns a, b are moved to the columns a, £. 
The scheme of moves, in the first stage is now, 
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( 2 3 6 7 
2m + 1, 2m+ 2 2 3 m+ 5,m+6 6 7 
2m — 3, 2m — 2 m—2, m—1 m+1,m+ 2 
m— 6, m—5)\2m— 3,2m—2)\m—2,m—1) 
The numbers on the left of the bar, are now 
1, m+ 5, m+ 6, 4,5, m+ 9, m+ 10,--+-m+1,m-+ 2, m, 0, 0. 


Since odd numbers are indicated by + and the even ones by —, they are seen to 
occur in like pairs. The numbers to the right are 


m + 3, m+ 4, 6,7, m + 7, m + 8, 10, 11, --- m — 2, m — 1, 2m — 1, 2m, 2, 3. 


They begin and end with a +, the interior being occupied with alternate 
like pairs. 

The number of moves taken so far is seen, by considering the successive pairs, 
to be 


There are now k pairs of +’s and k pairs of —’s on the left, and on the right 
k — 1 pairs of +’s with k pairs of —’s, the extremes being also single +’s. 

The second stage proceeds by moving a pair of —’s from right to left, and a 
pair of +’s from left to right to replace them, the only restriction on order being 
that the pair of +’s in the first two columns (1, m+ 5) is to be moved last. 
This avoids breaking the rule concerning gaps. In this stage 2k moves are 
made, and in all 4k = m moves. 

For m = 4k + 1, the first part comprises 2k + 1 moves, the second 2k moves. 

For m = 4k + 2, there are 2k + 1 moves in each part. 

For m = 4k + 3, there are 2k + 1 moves in the first part, 24 + 2 in the 
second. 

To save the lengthy symbolic representation it is sufficient to give the solu- 
tions for m = 5, 6, 7 as far as the end of the first stage. 

If m = 1 the problem is already solved, for m = 2 it is impossible, and for 
m = 3 the solution does not conform to the general scheme; the reason being 
the lack of partners to carry over the marker which is left single at the end of 
the line. 


m= 5 
+-+-+-+|-+-00 


i 
2(m 2) 
m 
4 +3 2 
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m= 6 
+-+-+-+-|+-+-00 
+0 
+4+---++-|+00--4 

m= 7 

—4+-+--+ 


for higher numbers the extra moves occur between the braces. 


NOTES AND NEWS. 


The Royal Society has awarded the Copley medal to Professor Felix Klein, 
of Géttingen, for his researches in mathematics. 


A second, enlarged, edition of Professor W. F. Osgood’s Lehrbuch der Funk- 
tionentheorie has appeared from the press of B. G. Teubner, of Leipzig. 


Henry Holt and Company have just brought out a text on the Theory and 
Practice of Mechanics by S. E. Slocum, professor of applied mathematics in 
the University of Cincinnati. 

Readers interested in studies of fundamental assumptions will enjoy a paper 
by A. B. Frizell on a set of 80 “Axioms of Ordinal Magnitudes,” presented last 
August at the International Congress of Mathematicians, 


A Peruvian knot record is described by Mr. L. Leland Locke in the American 
Anthropologist, April-June, 1912, p. 325. Apparently the knotted cords were 
used simply as numerical records. They seem to constitute “the earliest known 
decimal notation of the Western World, at any rate the earliest that admitted 
of easy transportation.” 


Professor Frederick Anderegg, of Oberlin College, will be absent on his 
sabbatical year during 1913-14. He expects to spend the time in Europe. 


The Cambridge University Press has published a pamphlet of 51 pages by 
Sir Thomas L. Heath on “The Method of Archimedes,” which was discovered 
by Heiberg in 1906 in Constantinople. The Greek manuscript in question is a 
tenth century copy of the works of Archimedes. Later the original writing 
was partially washed out and the parchment used for liturgical writing. In most 
places the original script is still legible. Among other works of Archimedes 
this manuscript contains “The Method” which had been thought irretrievably 
lost. It indicates the steps by which he worked his way to mathematical dis- 
coveries. 


} 
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Professor F. Klein announced in the October-December, 1912, number of the 
Jahresbericht der Deutschen Mathematiker-Vereinigung that the mathematical 
volume, of the series of about 80 volumes which are being published by B. G. 
Teubner under the general title “Die Kultur der Gegenwart,” will contain six 
monographs under the following headings: The relations between mathematics 
and general civilization; mathematics and philosophy; the mathematics of 
antiquity and the middle ages; the mathematics of the sixteenth, seventeenth 
and eighteenth centuries; the mathematics of recent times; the teaching of 
mathematics. The third of these monographs has appeared and the first and 
second are to appear before very long. 


Professor W. D. Cairns, of the department of mathematics of Oberlin College, 
is offering this year, as last, a so-called outline course in mathematics, designed 
for those students who do not purpose to continue the study beyond the require- 
ments of the freshman year. Beginning with the usual work in trigonometry as 
a prerequisite, this course gives the students a limited, but a definite, acquaintance 
with the essentials of plane analytic geometry and graphical methods, followed 
by a similar treatment of calculus methods, with applications throughout to 
geometry and mechanics, but more particularly to analytic and graphic treatment 
of economics, biology, ete. It is hoped that in this way those who major in the 
lines just mentioned may the more readily understand the mathematical matter 
which now forms so important a part of the development of these subjects. It 
serves also as an “informational course” for the general student who will never 
need to use the methods, but will wish to obtain thus a survey, exact as far as it 
goes, of this particular field. 


The Library of Congress has published index cards of the parts of the German 
and French Encyclopedias which have appeared. Other cards will be issued 
as new numbers are published. These cards index not only the separate articles 
under their various authors but they contain also one or more general English 
terms indicative of the contents of these articles. For instance the card headed 
“Borel, Recherches contemporaines sur la théorie des fonctions,” closes with the 
following sub-headings in English: (1) Functions. (2) Aggregates. (3) Inte- 
grals. (4) Series, Infinite. These cards can therefore be easily arranged in -the 
form of a subject catalogue, and the Library of Congress furnishes duplicate cards 
for this purpose, at a reduced price. In view of the slow rate at which these 
encyclopedias are being published, it would be very useful to have index cards 
entering into greater details. The present cards will however do much to simplify 
the use of these standard works of reference, and the mathematicians are greatly 
indebted to Brown University for furnishing copies to the Library of Congress. 


Errata in the February issue. On page 44, equation (1) should read ig = log 
(i sin g + cos g). Likewise each y on this page should be replaced by ¢. Also 
in line 16 from the bottom and should read = and 

On page 59, the names in line 7 from the bottom should be E. L. Bates and 
F. Charlesworth. 
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1. Dangers. It may be well to mention first some of the things we do not 
wish to know. Broadly speaking, these fall under two heads: (a) purely per- 
sonal opinions not supported by facts or experiments; (b) exhaustive treatments 
of the entire field. 

Topics that are too broad in their scope are attractive to the writer on peda- 
gogical material because they admit of broad generalities and have the allurement 
of apparently larger accomplishment. This is just the reason why we do not 
care to encourage them, for it is evident that a broad topic, such as The value of 
mathematics, or How algebra should be taught, not only allows glittering gen- 
eralities of statement, but is likely to contain very little of specific worth on any 
one given point. 

Broad topics also savor strongly of the kind of ex cathedra statements of 
personal opinion mentioned above. A statement that a given topic is (or is not) 
vital, or interesting, or valuable, or good for the student, without supporting 
reasons or statistics, is very common, especially in articles on mathematics. 
This practice we cannot too strongly condemn and we intend to discourage it to 
the limit of our ability; not that we would contend that a given topic is not 
interesting, for on the contrary, we are inclined to believe that a great variety of 
topics are extremely interesting. But that is not getting very far in deciding 
whether the topic should be taught, and how. 

2. The Basis of Knowledge. It seems to demand an apology if we state to 
readers who are scientists that the basis of knowledge not received by revelation 
is either experimentation or deduction. As a defense for such a truism, we need 
only point to the many papers that show evidence of some other method of reaching 
conclusions. 

In the Dark Ages, and for a period thereafter, medical practice included the 
administration of blood-letting; and it was often asserted that this process was 
beneficial to the patient. They who first arose to demand statistics upon this 
and other hallowed practices were naturally regarded as heretics, and they were 


treated with due scorn and derision. - 
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